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OPTIMAL TRAJECTORIES IN REPRODUCTION MODELS OF
ECONOMIC DYNAMICS

S.I. HAMIDOV!

ABSTRACT. A reproduction model with Leontief type production functions is considered. The
production mapping of such model is usually given by superlinear multivalued mappings. We
consider effective model trajectories, and we use lossless equilibrium mechanism to construct
such trajectories. We find the characteristics of effective trajectories and we show that the
consumption problem reaches its maximum on effective trajectories. We also find the condi-
tions under which it is impossible to construct an effective trajectory using lossless equilibrium

mechanism.
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1. INTRODUCTION

The study of the behavior of trajectories of any economic dynamics model is an important
problem, both for economists and mathematicians. Many authors have dealt with this problem
[1, 2,4, 12, 15-19]. This paper also studies the behavior of effective trajectories of some economic
dynamics models.

We consider Neumann type model of economic dynamics Z [4, 8, 12-14, 19]. As it is known,
such model is given by superlinear multivalued mappings. The states of this model are the
vectors in (R'')™ with non-negative coordinates. We consider Leontief type production functions
[4, 10, 11]. Effective trajectories have a property that they admit a characteristic. We consider
the effective trajectories whose characteristic prices are positive. Using the concept of lossless
equilibrium mechanism, we find a formula for calculating the components of effective trajectory.
We prove a theorem that provides the conditions under which it is impossible to construct an
effective trajectory with the use of lossless equilibrium mechanism whatever the initial state is.
The concept of lossless equilibrium mechanism has been first introduced by A.M. Rubinov [3,
5, 6, 8, 9, 20].

Let us consider the model Z. Note that the states for this model for all ¢ are the vectors
Xe (Ri)n, and its production mapping a; has a form [13, 15, 18]

a(X)={Y=(y", ..., y") e (R)"|0<Y < (BF),(X)},
where
(BF),(X)=Y B -a" + (F («"), ... F' (")),
k=1
X = (2", ..., 2™) e (R)"

!Baku State University, Baku, Azerrbaijan
e-mail: sabir818@Qyahoo.com
Manuscript received January 2020.
16



S.I. HAMIDOV: OPTIMAL TRAJECTORIES IN REPRODUCTION MODELS ... 17

Here B} are n x n non-negative matrices, F} is a production function of the k—th industry [10,
18]. This function is defined by the equality

ki
FF (:ck) = min —- , k= (:ckl, e xk”> € RY. (1)
i=1, n C}

Production mapping af of the industry & at the moment ¢ has a form

af (2) = (0, Bf.x+(o, ., 0, FF (), 0, ..., 0)> v €R"
Let X; = (m%, ey x?) be an effective trajectory of this model. This trajectory admits a
characteristic Ly = (¢}, ..., €}"). Here {; € R'}. The coordinates of the vector ¢; stand for

the price of the products in the i—th industry at the moment ¢. As showed A.M. Rubinov [22]
byt > 0 and ¢ > 0 (2 =1, n) the prices of the products do not depend on the industry they
belong to, i.e., we can assume /" = {;for all ¢. In other words,

L= (b, ..., ),
where ¢y = (¢}, ..., (}) € R".
We will consider only those effective trajectories, whose characteristic prices for all products
are positive, i.e.
(>0 forall it

where /¢ is a price of the i—th product at the moment t.

2. MAIN RESULTS

Introduce the functions

UF (bes1, @) = [bosn, BE -] + 6y - FE (@), (2)

Recall that the relation i
U (gt 1 ZL‘)
k t +1,
r)=——"-"-—>(kel), 3
Mt ( ) [€t7 .CE] ( ) ( )

is a growth rate of the total wealth of the k—th industry in the state zwith the prices ¢;;; and
Et.

Lemma 2.1. Let the trajectory (X¢);-, of the model Z process for all ¢ the following proper-
ties: the vector X} is constructed as a part of equilibrium in the model M = ({y}, Us (¢i1), %, V),

where V = (Ri’ cel Rﬁ) ,y = (BF),_; (Xi-1) , and the vector of budgets Q; = ()\%, el )\?)
is chosen such that e is /,Lf = 1, Besides the equilibrium prices coincide with ¢; = (Q, R E?) ,
and the budgets )\f are related to ¢; by the formula )\f = [ét, xf] . Then Ly = (by, ..., 4) is

characteristic of the trajectory (X).
Proof. By the definition of characteristic for the trajectory (X), we have

[Le, Xi] = [Lit1, Xepa],  VE>0,
and for every trajectory (Xt> of the model Z the inequalities

[Lt, Xt} = [Lt+1, Xt—l—l} ; Vi>0,
hold.
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By the conditions of the Lemma 2.1. the vectors xf", forming the state of the trajectory X;
have a property that the functions Uf (¢;41, z)/[¢:, ¥] reaches it maximum on them i.e.

s UF (bs1, ) Uf (b, @)

x>0 [ft, :L'] - [€t7 xf] =1, (k? =1, n) . (4)

Consider [Ly+1, X¢41] taking into account that =, € af (2}) (k=1, n).

[Lit1, Xir1] = i [€t+1, forl] = i <|:£t+1, Bt xt + €t+1 k (xf)}) =
k=1 k=1

=) Ut <£t+1, xf)
k=1
Using the formula (3) we get

n n

[Liy1, Xea] =) UF <€t+17 xf) = {Ety HTH = [Ls, X¢.
k=1 k=1

Then
(Lit1, Xep1) = [Le, X4,

and for any other trajectory X;, we have

n

[Lt+1, Xt—',—l] => [£t+1, 5?41} =
k=1

NE

el
I
—

(o 5] -2 (31) -

=S Uk (ém, xf)

k=1

But

UF (b4, =i ke

LR LA LN A (Hlkxt):maint(t+17 z) =1, (k=1,n).

b, xf] v>0 [, 7]
Consequently
|:Lt+17 Xt-i—l} <) Uf <€t+1, ﬂUt) Z |:€t7 a:t} = [Lt7 Xt} ;
k=1 k=1
ie.
[Le, %) 2 (Lo, Xen), V=0,
So we have shown that L; = (4, ..., ¢) is a characteristic for the trajectory (X;) of the

model Z.

From (4) it follow that for all k

CE o 2) _ Vb lon o) _ o

max

x>0 [ﬁt, .’L'] N [gt, ﬂ?f]
Note that in this case, the maximum values of the growth rate of the total wealth of all sectors

k =1, n coincide with each other and are equal to 1.
k1 —fn)

Consider the vector 7" = (mt , ..., T¥") . Let ZF be some solutions of the following consumer

problem



S.I. HAMIDOV: OPTIMAL TRAJECTORIES IN REPRODUCTION MODELS ... 19

UF (41, ) — max  subject to [4, 2] =1, z>0. (6)
Introduce the set of indexes
I={1,2, ..., n},
N —k:z’ xkj
RC“): el —minZt b(kel), t=1,2, ... 7
2 i€l - {gpdk (kel), (7)
Then if R (Z}") # I then
T _w g v¢eR@#> jeARG#)
C%k Cgk t ’ t .

kl

This means that for the given ZF!, ..., " the number of the product in the industry k at

’” where

k
the moment ¢, involved in the productlon process is not wt (j e I\R (:ct )) is i’gk
t

Cj * ki 7]4] cg

Zk Ty <E and

-@¥ is the number of products not really involved in the production.
Th1s quantity will be called a loss at the moment .

In what follows, we will consider only those trajectories on which the above situation is
impossible, i.e.
R(ab)=I(khel, t=1,2 ..). 8)

Now, let us consider the effectiveness of the trajectories of the model Z, admitting the char-
acteristic (L) .

Let (X;);2, be an effective trajectory of the model Z with characteristics (L;). Then the
vectors 2} forming the state of the effective trajectory X; may be re presented as

o =\ T (ke (9)

where Af = [, Z}] is a positive number, Z}" is a solution of the consumer problem (6).

Let (8) hold. Consider the matrix C; = (cij )n - and column vectors of the matrix Cy
i, j=

=1 . |, keD. (10)

Throughout this we will assume that the determinant of the matrix Cy (¢ =1, 2, ...) is not
zero. Then, with given budgets AF (k € I) and prices 4 it follows from (7), (8) and (9) that the
vectors z forming the state of the effective trajectoryX; of the model Z i.e. vectors which are
the lossless equilibrium states of the model M with fixed budgets, are calculated by the formula:

i

k- -k
= ——-=-c¢ " (kel). 11
t [gh ctk] t ( ) ( )
Now, let’s show how to find ¢ for the given ¢;. Suppose that the vector ¢; = (@, ceey E?)
and the state X; = (a:t e x?) of the economy at the moment ¢ are known. By this state we

define the vector of resources y = (yl, ey y”) distributed at the moment ¢ + 1 where
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Yyt = Z vt ot 4+ F (2)) (i € 1), (12)
kel
and the vector 2} is defined by the formula (11). Substituting (11) into (1) we obtain

- i ,
F} (2}) = 7 tc;'] (iel).
Denote ‘
; A .
P = . =1,2, ... 1
fi= gD, t=12 (13)

and consider the vector
Bi= (Bl ..., BY), t=1,2 ....

Taking into account the above considerations from (12) we obtain

y=(E+CY)- B, (14)
where n
E:dzag (]_7 ey 1), CZL/: <é7t4> 9
i, j=1
é;] — Vgl . c;-j (7/, j — 1’ n; t = ]_’ 2’ .. .) . (15)

By (8), X¢+1 is a lossless equilibrium state [9] which must satisfy to the balance equality

n
k-
Z $t+1 =Y,
k=1
i.e. using (11) for the moment t +1 we get

n k
At ek =y
R t+1 — &
= b1, ]
or
Cit1-Biy1=1y. (16)

From (14) and (16) it follows that

Cig1 - By = (E+CY) - B
Hence,

Biy1=Cry - (E+CY) - B, t=1,2, ... (17)

Rewriting the formula (17) in coordinate form and substituting (13), we obtain a
system of n scalar equations in n variables - the coordinates of the vector ;1.

Remark 2.1. The characteristics (L;) (here Ly = (4, ..., ;) of trajectory (X;) is con-
structed inductively using the formula (17), with £;41 > 0 and the vectors z}", wich form the
state X; of this trajectory, are defined by the formula (11).

Remark 2.2. If the sequence (it>, constructed inductively using (17), is not a characteristics

for the trajectory (X), for initial vector ¢, then for some ¢ either the inequality

n n
(BF), (Xo) =Y a1 =) A1 Tian s t=1,2, ..., (18)
i=1 i=1
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does not hold or the condition
biy1 >0, t=1,2, ....

is not satisfied.

Remark 2.3. Recurrence formula (17) can be obtained from the system of equations (4),
wich is based on the equality of the maximum growth rates of the total wealth in different
industries.

The equilibrium mechanism in the case of R (E,’f) =I(kel, t=1, 2, ...)iscalled alossless
equilibrium mechanism. Let’s construction effective trajectory (X;) of the model Z using the
lossless equilibrium mechanism. Since the state of the effective trajectory are determined by the
vector B¢, we must to define this vector. To do this, we introduce the following notations:

E,=E+CV,
~ - t=1, 2, ... 19
Cy=E " Cpy1 . (19)
Then the formula (17) becomes
Brri=Cr B
Note that the lossless equilibrium mechanism is realizable when 8; > 0(¢t =1, 2, ...) which

is equivalent to the validity of the equalities (18) for all k € I. In fact, in the case where 8 =0
for some k € I, in order for the states %" to maximize the growth rate of the total wealth (’yg)
in the corresponding industries, and for these growth rates to be equal at some moment, we
have to consider the inequalities instead of (18)

in—i-l < (BF), (X1,
el

i.e. the lossless equilibrium mechanism is broken.
It is therefore of interest to know: is the case where the lossless equilibrium mechanism is
broken possible?

Consider the case where the matrices C; coincide for all ¢ with the same matrix C = (cij )n

. i, j=1"
Recall that the number ¢/ > 0(i, j € I) indicates the quantity of the product of the i—th
industry used in the production of unit product of the j—th industry.

Let
=0 Viel, j>1, t=1,2 ...,

ufzu“zyi, t=1,2, ..., 1€l

This means that all the resources in the production process, except the first one, have been
completely used up. We can assume that there is only one fund forming industry in the model
Z.

We will say that trajectory (X;);-, can be constructed in the model Z the using the lossless
equilibrium mechanism if the vectors z§ forming the state of the given trajectory X; lie in
the conical hull stretched on the vectors of type ¢* (k € I) at any time t.Let X be a Niemann
equilibrium vector.

Theorem 2.1. Let there be only one fund-forming industry in the model Z and the numbers
vi (i € I) are such that

clz

7
V<< ni .
Z Clk,ckz
k=2
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Then, no effective trajectory (X;);-, can be constructed using the lossless equilibrium mech-

anism what ever the initial state X; # AX (A > 0) is (19)

Proof. It is obvious that in this case from (15), (19) we have

11

1+vt-ct by i=j=1,
- g g Vel by i=1, j>1,
E=E= (") _, 9=
= 1 by i=j=2,n,
0 by i#j, «#1.
Then
( 1 L
1+uvl-cl! by i=j=1
Ui ol
. . 4 . .
E1:(gw)i7j:1’ U — Tl by t=1, j>1,
1 by i=j=2,n,
[ 0 by i#j, i#L
Hence,

N=B N = @),

S kel o
k=2

by i=1;
7 = 14t cll e (20)
by i # .
In our case, the formula (17) becomes
B =C71 8, t=1,2, ... (21)
or
Biygr=C"t- 6, t=1,2, .... (22)

It is known that [7] if C'is a positive matrix and = # X -Z (A > 0) (i.e. z is not an eigenvector
of the matrix C') then there ¢ > 0 such that C—*-z is not positive. Let’s find the condition under
which the matrix C is positive. From (20) we see that for this to take place, it is necessary that
the following system of inequalities fold.

(011>1/2-612-621—1—--'—|—Vn'61n-0n1,

012>y2 C12 622—1—- L Cln Cn27
....................................... (23)
C1n>1/2_ 12 62n+ L Cln cnn,

v >0

From this system, we obtain

|

< — forall ¢>1.

v for all i>1 24
CZZ
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Here ¢ is a quantity of the product 4, necessary for the production of the unit producti (i.e.
itself). Then it is natural to assume ¢ < 1 (or% > 1).Thus the condition (24) is natural in
this model, because, v* € [0, 1] (i € I).

Let all v (i € I) differ little from each other, i.e. the quantity of the first product remaining
in at the i—th (i € I) industry after production process is over differ little from other. This can
be written as follows v* = v —¢; , where ¢; >0 (i €1).

Then the system (23) becomes

n n
Cll+§:EZ"Ch'CZl>V'§:Ch'Cll,
=2 =2

n n
Cln+§:€i_clz'czn>y.§ Clz‘czn7
=2 1=2

1/120.

p

Denote

€ = maxe; .
el

Then the last system may be rewritten as follows:

v—e<
cl2.e2n ... peln.enn ?

\Vl > 0.

Note that all terms in denominators on the right-hand sides of the above inequalities are all
of the second order of smallness (as ¢ < 1, i,5€I), and all terms in numerators are all of the
first order of smallness. That is, the conditions obtained are "natural” ones.

Thus, we have shown that the matrix C is positive, which means that for any vector i,
which is not an eigenvector of the matrix C, there exists t > 0 such that f;11 is not posi-
tive. Consequently, the lossless equilibrium mechanism does not allow constructing effective
trajectory.

The theorem is proved.

Consequence. If v = (0 Vi,j€l, in the model Z, then, for X1#£AX (A>0), the lossless
equilibrium mechanism does not allow one to construct an effective trajectory (Xz)y%; .

3. CONCLUSION

The following results are obtained in this paper:

(1) The characteristics of the trajectories of the considered model are determined under
some conditions (see Lemma 1);

(2) The efficiency of the trajectories of the considered model with characteristics is investi-
gated;

(3) The conditions are found for the construction of effective trajectories using lossless equi-
librium mechanisms.



24

=
=)

-
-

i

TWMS J. PURE APPL. MATH., V.13, N.1, 2022

REFERENCES

Ashmanov S.A., (1983), Qualitative Theory of Multi-Sector Models of Economic Dynamics, Moscow.
Belenky V.Z., (2007), Optimization Models of Economic Dynamics. Conceptual apparatus. One-dimensional
models, Nauka, Moscow, (in Russian).

Benetto F., Lacopetta M., (2019), A dynamic analysis of rash equilibria in search models with fiat money,
J. Math. Econ., 84(C), pp.207-224.

Fisher F.M., (2005), The aggregated production functions a pervasive, but unpersuasive fairytale, East. Econ
J., 31(3), pp.489-491.

Florig, M., Rivera, J., (2019), Walrasian equilibrium as limit of competitive equilibria without divisible goods,
J. Math. Econ., 84(10), pp.1-8.

Fu, H., Wn, B., (2019), Characterization of Nash equilibria of large games, J. Math. Econ., 85(C), pp.46-51.
Gantmacher, F.R., (1988), The Theory of Matrices, Nauka, Moskow, 552p., (in Russian).

Gorokhovsky, A., Rubinchik, A., (2018), Regularity of a general equilibrium in a model with infinite past
and future, J. Math. Econ., 74(C), pp.35-45.

Hamidov, S.I., (2017), On the equilibrium without loss in the discrete time models of economic dynamics,
Int. J. Theor. Appl. Math., 3(6), pp.203-209.

Kleiner, G.B., (1986), Production Functions: Theory, Methods, Application, Finance and Statistic, Moscow,
Russia, 240 p.

Klump, R. & Preissler, H., (2000), CES Production Functions and Economic Growth, Scand. J. Econ., 102,
pp.41-56.

Krotov, V.F., Lagosha, B.A., Lobanov, S.M., (1990), Foundation of Optimal Control Theory, Moscow, 432
p-

Makarov, V.L., (1969), Models of optimal economic growth, Economic and Mathematical Methods, 5(4),
pp.569-581.

Makarov V.L., Rubinov A.M., (1973), The Mathematical Theory of Economic Dynamics and Equilibrium,
Nauka, Moscow (in Russian).

Makarov, V.L., (1973), Modeling of economic dynamics, Optimization, 11(28).

Maksimov, V.P., Chadov, A.L., (2012), A Class of Controls for a Functional-Differential Continuous-Discrete
System, Iz. VUZ, Matematika, 9, pp.72-76.

Ohorzin, V.A., (2005), Economic Systems Optimization, Finance Statistics, Moscow.

Rubinov, A.M., (1983), Mathematical Models of the Expanded Reproduction, L., Nauka.

Rubinov, A.M. (1978), On a class of optimal trajectories in the Neumann-Gale models, Optimization, 20(37),
pp.147-155.

Tesfatsion, L., (2017), Elements of dynamic economic modeling: Presentation and analysis, East. Econ. J.,
43(2), pp.192-216.

Sabir Hamidov was born in 1954. In 1976 he
graduated from Baku State University, Faculty of
Applied Mathematics and Cybernetics. In 1986,
he got Ph.D. degree. Since 2000 he has been work-
ing as an associate professor at the Department
”Mathematical Cybernetics” of Baku State Uni-
versity. His research interests include non-smooth
optimization issues, discrete mathematics, math-
ematical logic and discrete mathematical models

and economic dynamics models.



